Multiconfiguration Hartree-Fock (MCHF) calculations of hyperfine constants for the 2s2p P states of beryllium and the ground states of boron and carbon are reported. The capacity of a recently developed configuration-interaction program [Froese Fischer and Tong (unpublished); Stathopoulos and Froese Fischer (unpublished)], allowing for large configuration expansions, is explored. Using a systematic active-space MCHF approach, combined with large multireference configuration-interaction calculations, it is shown that hyperfine constants can be calculated very accurately. To reliably account for spin-polarization of the 1s and 2s shells in boron and carbon, three-particle effects had to be included in a systematic way. The relativistic, finite-nuclear-sizeand finite-nuclear-mass-corrected values of the hyperfine constants are compared with experimental values and with the most accurate theoretical values obtained with other methods.
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I. INTRODUCTION
and WM t( J,J) = -'AqC The hyperfine structure of atomic energy levels is caused by the interaction between the electrons and the electromagnetic multipole moments of the nucleus. The leading terms of this interaction are the magnetic dipole and electric-quadrupole moments.
The hyperfine interaction couples the electronic (J) and nuclear (I) angular momenta to a total momentum F=I+J. In the~yIJFM~) representation the diagonal hyperfine energy corrections are given by -, 'C(C+1) I(I+1)J-(J+1) WE2( J,J)=Bq 2I (2I -1)J(2J - 1) where C =F (F+ 1) -J(J+ 1) I(I+ 1) . - (2) The magnetic dipole hyperfine constants AJ can be written as linear combinations of the orbital, spin-dipole, and Fermi contact parameters (at, a,d, and a, ) [ 
(4) (6) 1050-2947/93/48(6)/4113(11)/$06. 00 48 4113 1993 The American Physical Society 48 pl is the nuclear magnetic dipole moment, g& =(1m, /M", ) the orbital electron g factor, and g, =2.002 32 the QED corrected electron-spin g factor. The electric-quadrupole hyperfine constants BJ are proportional to the electric-field gradient b:
[6(L J) -3(L J) 2L -(L+1)J(J+1)] L (2L -1)(J+ 1)(2J+3) (10) where N b = yLSLS 2Co ' i r; yLSLS i=1 and Q is the nuclear electric-quadrupole moment.
In the formulas above, hyperfine parameters are evaluated in atomic units using LS-coupled wave functions with ML =L and Mz =S. For hyperfine constants in the customary experimental unit of MHz, 6~1=95~4107 and GE2 = 234. 965.
The diagonal magnetic dipole and electric-quadrupole hyperfine constants have been determined very accurately with the atomic-beam magnetic-resonance technique [2 -5] for the states in beryllium, boron, and carbon investigated here. Since accurate nuclear magnetic dipole moinents p, z are known for these atoms [6] , precise comparisons between experimental and theoretical values of the magnetic dipole hyperfine constants are possible. Such comparisons cannot be made for the electricquadrupole hyperfine constants, since the corresponding nuclear quadrupole moments Q are not known from direct nuclear experiments, at least not with high precision [6] . More [9] , virtually all of the correlation energy must be obtained. In particular, the correlation of the 1s and 2s shells must be correctly balanced. Thus, very extensive treatments are required for the calculations. The Fermi contact term in boron has been studied with a number of theoretical methods, but the calculated values differ significantly from each other and from the experimental value. However, the Fermi contact term is small and contributes little to the total magnetic dipole hyperfine constants. In carbon the situation is different. Here the Fermi contact term is of crucial importance for the magnetic dipole hyperfine constant in the J = 1 state due to the strong cancellation between the spin-dipole and orbital terms.
The purpose of this work is to explore the capacity of a recently developed configuration-interaction (CI) program, allowing for large configuration expansions, and to study the convergence of the hyperfine parameters using sequences of active spaces. Special attention has been paid to the large and cancelling contributions to the Fermi contact term from the spin-polarized 1s and 2s shells in boron and carbon, where three-particle effects are very important and must be included in a systematic way.
II. METHOD OF CALCULATION
The wave functions were generated with the MCHF atomic structure package of Froese Fischer [10, 11] , where the wavefunction g for a state labeled yLSJ is expanded in terms of configuration-state functions (CSF's) P (y~LSJ ) with the same LS term: f(yLSJ) = g c~PJ (y~LSJ) . (12) In the numerical multiconfiguration Hartree-Fock (MCHF) approach, the CSF's are sums of products of spin orbitals, where the radial part of the spin orbital is represented by its numerical values at a number of grid points. In the multiconfigurational self-consistent-field (MCSCF) procedure, both the orbitals and the expansion coefficients (c ) are optimized to self-consistency. The subsequent CI calculations were performed with a recently developed program, using a sparse representation of the lower triangular part of the Hamiltonian matrix [12, 13] . With this program, expansions with up to 40000 CSF's could be handled on a DEC workstation with 32-Mbyte internal memory, the limit set by the available disk space. The calculation of the parameters (4) - (6) and (11) from the MCHF wave functions was done with a hyperfine structure program [14] , part of the MCHF atomic structure package of Froese Fischer.
The confignration expansions were obtained with the active-space method, where CSF's of a particular parity and LS symmetry are generated by excitations from one or more reference configurations to an active set of orbitals. The active set is then increased in a systematic way, allowing the convergence of the hyperfine parameters to be studied. If all possible excitations to the active set are allowed, the configuration-state expansion, referred to as the complete active space (CAS), grows very rapidly with the increasing active set. By imposing different restrictions on the allowed excitations, the number of configuration states can be kept down and orbitals can be targeted to describe different electron-correlation effects.
This method has been utilized by the quantum chemists in the restricted-active-space (RAS) approach for some time [15,16j. In their notation, the size of the active set of orbitals is specified by the number of orbitals of a given symmetry since the principal quantum numbers do not have physical significance. The active set is increased not one orbital at a time, but by adding a group of new orbitals. We refer to the new' group as a shell of active orbitals. The set of configurations states generated from the active set under certain rules is called the active space.
For smaller configuration expansions, where most of the orbitals are spectroscopic, a stationary requirement with respect to orbital rotations speeds up the convergence in the MCSCF procedure considerably [17] . In the improvement of an approximate orbital basis, pairs of radial functions with the same I quantum number were then allowed to rotate: P (r) P '(r) P (r) 1 P,(r) (13) changing the energy
The solution for which the energy is stationary with respect to small variations in g was then selected. However, for the larger expansions in this study the orbital rotations introduced instabilities in the MCSCF procedure and more stable convergence was obtained when the rotational analysis was turned off.
III. RESULTS AND DISCUSSION
A. 1s 2s2p Pin Be With current codes, it is not possible to do a complete active-space calculation for beryllium, that is, to include all single, double, triple, and quadruple excitations (SDTQ excitations) to the active sets of increasing size.
Since the number of configurations must be kept rather small in an MCHF calculation, only SD excitations from the reference configuration were allowed to the larger active sets. To capture the most important threeand four-particle effects, CSF's obtained by triple and quadruple excitations to the smaller active set 4s 3p 2d 1 f augmented the CSF's obtained from SD excitations to the large active sets. In Table I the results of the active-space calculations are shown. For the sets up to 4s3p2d 1f, where all SDTQ excitations were included, convergence was very good and all orbitals could be optimized simultaneously. When further shells of active orbitals were added, to which only SD excitations were allowed, stability problems occurred in the MCSCF procedure, and so the previous shells had to be frozen and only the new ones optimized. The orbital, spin-dipole, and Fermi contact terms converge smoothly with increasing active space, and the extrapolations to the nonrelativistic spdf limits are obvious. The convergence with increasing active space for the electric-field gradient is slow and oscillatory, and the extrapolation to the spdf limit is more uncertain.
To estimate the contributions from higher symmetries, g orbitals were added to the active sets and another set of MCHF calculations were performed; the results are shown in Table II . From these calculations g-shell corrections to the spdf limits could be derived. It is interesting to see how slow the g-shell contributions build up and that a relatively large number of orbitals is needed to get the correct contributions. As expected from the tensorial form of the hyperfine operators, the g-shell correction is most important for the orbital term and least important for the Fermi contact term. Finally, to account for the remaining three-particle effects, a set of CI calculations was performed where CSF's obtained from triple excitations to increasing active sets were augmented to the 12s 1 lp 10d9f space from the MCHF calculation. In Table III the results of the CI calculations are shown. It can be seen that triple excitations to the 5s4p3d2f set are important, but as further triple excitations are included, the resulting changes in the hyperfine parameters are small. The three-particle contributions were added to the extrapolated values from the MCHF calculations to give the final spdf limits. Remaining four-particle effects were found to be very small and were neglected. In Table IV the The effect of this scaling is accounted for by multiplying the nonrelativistic hyperfine parameters with the factor
The most important effect of relativity is the contraction of the valence orbitals. This is in part counterbalanced by the effect of the finite nuclear size. Besides orbital contraction, relativistic effects also lead to a deviation from LS coupling which manifests itself in a small change of the intermediate-coupling coefficients c, =Q-, ' and c2=+ -', in the LS jj transformati-on: (16) If the deviation from L,S coupling is neglected, the relativistic effects on the different hyperfine parameters aI, a,d, a"and b can be estimated by looking at hydrogenlike relativistic corrections for the electric and magnetic hyperfine integrals [18] . This was done by Sundholm and Olsen [19] using the tables of Ref. [18] . In Table V [19] [30, 31] 'Linked-cluster many-body perturbation theory.
"Hartree-Fock and CI allowing all SD excitations to correlation orbitals of Slater type. pared with the relativistic and finite-nuclear-size corrections of -0. 177 and -0. 140 MHz from the ratio of the Dirac-Fock and Hartree-Fock values. Although small, these differences are important at the present level of accuracy, showing that the nonrelativistic limit of the calculations essentially has been reached and that much of the uncertainty is hidden in these corrections. In order to improve the result further, relativity and the finitenuclear-size effects have to be taken into account in a more rigorous way. This can, in principle, be done in the fully relativistic multiconfiguration 
B. 1s 2s 2p Pin "B
The Fermi contact term is very dificult to calculate due to the large and cancelling contributions from the spin-polarization of the 1s and 2s shells. When only energy-optimized orbitals were used, the behavior of the Fermi contact term was extremely oscillatory. In order to reduce the oscillations and to include spin-polarization at an early stage of the calculation, we augmented three spin-polarization orbitals to the active set of orbitals. All SD excitations were then allowed to the augmented set.
To construct the polarization orbitals, we started from frozen Hartree-Fock orbitals. Only single excitations were allowed to the polarization shells, which were optimized. The spin-polarization orbitals were then kept frozen in the subsequent calculations in which all the other orbitals were optimized simultaneously.
In Table VII the hyperfine parameters and total energies are shown as a function of the increasing active space. Spinpolarization orbitals are preceded by a slash in the tables. Even though three spin-polarization s shells have been augmented to the active set, the behavior of the Fermi contact term is still oscillatory in the beginning, but starts to stabilize after the seventh energy-optimized s shell has been added. The orbital term converges smoothly with increasing active space, but the spin-dipole term and electric-field gradient converge more slowly and it would have been desirable to add a few more shells to the active set. Doing so, the limit set by the internal memory of the computer is passed and the MCSCF procedure is slowed down due to heavy swapping to the external disk. The practical limit for the MCHF expansions is around 5500 CSF's on a machine with 32-Mbyte internal memory.
In contrast to beryllium, triple excitations contribute a great deal to the Fermi contact term. This can be understood by looking at the result of the first CI calculation in Table VIII , where the 1s shell was kept closed. By comparing it with the equivalent CI calculation in which excitations from the 1s shell were allowed, the separate contributions to the Fermi contact term from the 1s and 2s shells can be estimated. Since these contributions are large and have different sign, a small unbalance due to the three-particle effects can change the total value The given uncorrected hyperfine parameters have been relativistic and finite-nuclear-mass corrected.
The relativistic correction is estimated from the tables of Ref. [18] . "Assuming LS coupling. [30, 31] [32] [21 Relativistic and finite-nuclear-size corrections using the ratio of the DF and HF values.
Hydrogenlike relativistic corrections for the integrals of the hyperfine parameters. It is therefore necessary to include these excitations in a systematic way. This was done in a sequence of multireference CI (MRCI) calculations where CSF's generated by SDT excitations to smaller active sets augmented the CSF's obtained by SD excitations to the 9s 8p 7d 6f5g /3s set. The most important neardegeneracy was included by allowing SDT excitations to the smaller active sets from the 1s 2p configuration. In Table VIII the hyperfine parameters, total energies, and number of CSF's are shown for the MRCI calculations.
All parameters, except the spin-dipole, show a smooth monotonic convergence. The Fermi contact term is not quite converged, and the value a, =0.08571 a.u. should be considered as a lower limit. While the three-particle effects are almost negligible for the orbital and spindipole parameters, this is not the case for the Fermi contact term and the electric-field gradient. It is seen that the triple excitations, interpreted as polarization of the doubly excited configurations, give a larger total contribution to the Fermi contact term than the single and double excitations, and so it is not surprising that literature values of the Fermi contact term differ by a factor of 2 or more. The three-particle contribution to the electric-field gradient is much smaller, but still decreases the value by more than 1.2%. In Table IX the final nonrelativistic values of the hyperfine parameters are compared with values from other calculations. From the measured diagonal and off-diagonal magnetic dipole hyperfine constants, experimental values of all three hyperfine parameters can be deduced. The accuracy is limited by the offdiagonal constant which is known with error bars of 2.5%%uo [4] . The theoretical hyperfine parameters have to be corrected for relativistic, finite-nuclear-size, and finite-nuclear-mass effects before being compared with the experimental values. We used the same corrections as Sundholm and Olsen [23] where the relativistic and finite-nuclear-size corrections were estimated by scaling the Li( P) hyperfine parameter corrections from Ref. [24] with the square of the nuclear charge. The effect of the finite nuclear mass was corrected for by multiplying with the factor (1m, /M") =0.99985 .
In Table X the corrected values are compared with the experimental values. It is interesting to note that all theoretical values of the spin-dipole term are in perfect agreement, but outside the error bars of the experimental value. By using the theoretical values for the spin-dipole parameter combined with the diagonal magnetic dipole hyperfine constants A i/p = 73.3496(4) MHz [25, 26] [23] This work [23] [»4] 'The given uncorrected hyperfine parameters have been relativistic, finite-nuclear-size, and finite-nuclear-mass corrected. Relativistic and finite-nuclear-size corrections were made using scaled corrections from Li( P). [25, 26] [27] [3, 4] 'Relativistic and finite-nuclear-size corrected using scaled corrections from Li{ P).
Relativistic and finite-nuclear-size corrected using the ratio of the DF and HF values.
Calculated from given uncorrected hyperfine parameters with present relativistic and finite-nuclearsize corrections.
Goldstone calculation [25, 26] agree perfectly. Looking at the convergence patterns in Tables VII and VIII, it is reasonable to believe that the value b = -0.2844 a.u. from the largest MRCI calculation is too low, and a better value is obtained if the mean value of the two last calculations in Table VII is corrected for three-particle effects. This gives b = -0.2832 a.u. , in better agreement with the FE MCHF and Bethe-Goldstone values. The CI(CIV3) value of Glass and Hibbert [27] differs by almost 5% from these values, which is surprising since the agreement for the orbital and spin-dipole parameters is good.
For the diagonal magnetic dipole hyperfine constants, more accurate relativistic and finite-nuclear-size corrections than the ones resulting from the scaled Li( P) corrections of the hyperfine parameters were obtained, as in beryllium, by multiplying the nonrelativistic values of the magnetic dipole hyperfine constants with the ratio of the Dirac-Fock and Hartree-Fock values, where in the Dirac-Fock calculation a Fermi charge distribution was used. In Table XI MHz) to the dipole hyperfine constants from the orbital, spindipole, and Fermi contact terms are shown. On the Hartree-Fock level, the Fermi contact term is zero; the orbital and spin-dipole terms are both large, but cancel, leading to a hyperfine constant close to zero. The introduction of polarization and correlation effects will induce a Fermi contact term as well as change the degree of cancellation between the orbital and spin-dipole terms.
For carbon the same computational strategy was used as for boron. Here the number of CSF's in the MCHF expansions grows more rapidly, and the two last MCHF calculations had to be run on a computer with 64-Mbyte internal memory. In Table XIII [28] , and the agreement with their value is excellent. From the measured electric-quadrupole hyperfine constant for the J=2 state in "C, B2= -4.949(28) MHz [29] , the electric quadrupole moment can be calculated.
Our value confirms the value Q("C)=0.033 27(24) Table XII , that if only SD excitations are allowed to the 9s 8p7d 6f3g /3s active set, the J = 1 hyperfine constant does not even have the right sign. But, as threeparticle effects are taken into account in the MRCI calculations, the sign changes and the value approaches the experimental one.
IV. SUMMARY AND CONCLUSIONS
We report large-scale MCHF and MRCI calculations, where the configuration expansions were generated with the systematic active-space approach. The largest MRCI expansion for the present calculations consists of almost 40000 configuration states. The hyperfine parameters of the 2s2p P term in Be converge slowly with an increasing number of active shells, but, using systematic sequences of active sets, extrapolation to the nonrelativistic limits is obvious. For beryllium the nonrelativistic limit is essentially reached and, to improve the calculations further, a fully relativistic approach with a realistic charge distribution has to be employed.
The necessity of a systematic approach is demonstrated in boron and carbon, where the Fermi contact term obtained from SD excitations to large active sets deviates by more than a factor of 2 from the correct value. To account accurately for the spin-polarization of the contact term, three-particle effects had to be included in a systematic way, leading to very large configuration expansions. For many states, not accessible to the resonance methods, it should even be possible to calculate the hyperfine con-stants more accurately than they can be measured with existing techniques.
